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1. Introduction 
The plane can be covered by tiles in such a way that no ‘open space’ remains. 
Formally, we define a tiling of the Euclidean plane R2 to be a countable family 
T= (4, q, l&. . . } of closed topological discs in R2, called tiles, such that 
LJE1 z = R2, and the interior of the intersection of any pair of tiles is empty. 
The ways in which the plane can be tiled are numerous and of great variety. 
Even if one confines oneself to monohedral tilings, in which all tiles are congruent 
to each other (or, equivalently, all tiles are congruent to a fixed tile, called the 
prototile), a vast range of possibilities remain, and many interesting questions can 
be asked. 
In this paper, we shall be chiefly interested in the number of aspects in which 
the tiles of a monohedral tiling occur. Two tiles are said to have the same aspect 
when they lie in the plane in the same way, that is to say, when they are images of 
one another under translations of the plane. 
For a given integer n 3 1, it is fairly easy to construct a monohedral tiling with 
n aspects (i.e. in which the tiles occur in exactly n different aspects). 
Indeed, constructions imilar to those used in Fig. l(a), where n = 5. and I(b), 
where n = 8, can be applied to all odd n 3 5 and all even n 3 4, respectively (for 
the remaining cases see e.g. Fig. 2). 
The number of possibilities is quite severely restrained, however, when we 
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allow only periodic tilings. A tiling is called periodi:: when there are two linearly 
independent vectors such that translation along either of these maps the tiling 
onto itself, i.e. maps each tile onto another one. In this case, according to [l], 
Exercise 1.3.20(b), monohedral tilings with rz aspects are known only for 
n E { 1,2,3,4,5,6,7,8, 121. For examples with these values of n see Fig. 
2(a)-(i), in which for each tiling a possible choice for the two translation vectors 
is indicated. 
In the sequel, it will be shown that monohedral periodic tilings with y1 aspects 
do in fact exist for all n E N. 
2. Construction of the tilings 
For the tilings in the present section we will use as prototile a right-angled 
triangle whose sides have integer lengths, see Fig. 3. We write ILKI= a, IACt= b 
and (Al31 = c. Angles will be measured in radians. It can be shown that the ratio 
between a! and n is irrational, so that no two integral multiples of cy are equal 
modulo 2~ 
The tile of Fig. 3 is said to be lying in basic position. Any tile in a tiling of the 
type under consideration can be brought into basic position by a rotation through 
an angle y, if necessary followed by a reflection in the line through A and C. The 
angle y is uniquely determined modulo 2~r, and serves as an indication of the 
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tile’s aspect. A prime will be added to it whenever the additional reflection is 
required. 
When we enlarge the prototile n times, the resulting triangle can be covered by 
n2 prototiles, as is illustrated in Fig. 4 for n = 3. When the large triangle has 
aspect y, the tiles constituting it occur either in 2 aspects (viz. y and y + 36, Fig. 
4(a)), or in 3 aspects (y, y’ and (y + JQ’, Fig. 4(b)). 
We now proceed to construct four so-called basic rectangles. Consider the 
rectangle of Fig. 5. It is formed by three triangles similar to the prototile. Since 
the triangles are actually integral multiples of the prototile, they can be covered, 
like the triangles in Fig. 4, by prototiles. 
Basic rectangle % is obtained by covering D1, D2 and D3 in the fashion of Fig. 
4(a). In it, the prototile occurs in 6 aspects: 0, in, n, $n, ($r - a)’ and 
($?c - cu)‘. 
If, instead, D1 is covered like in Fig. 4(b), we obtain basic rectangle 9, which 
C2 
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Fig. 5. 
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contains copies of the prototile in 7 aspects: 0, ix, SIG, 0', II', (in - a)' and 
(gr- a)'. 
Tiling both DI and & in the manner of Fig. 4(b) gives us basic rectangle 9, 
which has 8 aspects: 0, $z, 0’, $r’, ;IC’, $z’, ($r - a)’ and (&r - (u)‘. 
Finally, we construct basic rectangle 021 by tiling all three triangles as in Fig. 
4(b). Q has 9 aspects: 0, $n;, 0’, ix’, z’, $a’, ($a - LY)‘, 4~ - CY and $r - 6: 
We will now, by means of induction, construct a family of tiles (Rk)kBB such 
that each Bi is of rectangular shape and contains the prototile in exactly i aspects. 
We set 5& :=a, CR, :=Y, sl, :=3 and BL, :=%. Now suppose we are given a 
rectangle %i. From it, ~3$+~ is constructed like in Figs. 6 and 7. First, c2 copies of 
%!i are arranged, like in Fig. 6, in such a way as to form a large rectangle 9, 
whose sides have lengths that are integrai multiples of c, the length of the 
hypothenuse of the prototile. Therefore, when we rotate 9 through (Y and then 
attach four triangles EI-E4 to it as in Fig. 7, these triangles will be integral 
multiples of the prototile. Tiling them in the way of Fig. 4(a) then produces %!i+d. 
Since the rotation through (Y decreases all aspects from %!i with a; and four new 
aspects are added, %!i+d oes indeed have i + 4 aspects. More precisely, the 53;s 
have the following aspects: (k 3 1) 
R 4k+2:0, $C, LT,$36;--Ly, tLT-tX,.._ ;__.,JE-(k- 1)4Y, ZJr-(k-l)& 
(in - klY)‘, (3 - ka)’ 
CA! 4~+3:o,~n,n,;Jd;-(Y ,...; . . . . &c--((k-2)&; -(k-l)a,$P-(k-l)& 
$r - (k - 1)Cx; -(k - l)Ly’, (n. - (k - l)(V)‘; (43r - kcu)‘, (1 - ka)’ 
g&+4: 0, $r, Jdi ;Jr; -cy, . . . ; . . . , $n - (k - 2)CY; -(k - l)CY, 
&r -(k - 1)Ly; -(k - l)a’, ($r - (k - l)cw)‘, (Jr - (k - l)cr)‘, 
($r - (k - 1)cw)‘; (&Jr - RLY)‘, @Jr - km) 
?A! &+5: 0, J,r, x, $n; -d!, . . . ; . . . , $3r - (k - 2)L.Y; -(k - l)ar’, 
(&r - (k - l)cu)‘, (Jr - (k - l)(Y)‘, ($ir - (k - 1)cu)‘; ($r - ka)‘; 
$r - ka, $r - ka; -(k - l)(~, $z - (k - 1)cw. 
It is now obvious how the plane can be given a monohedral periodic tiling with 
n aspects (n 3 6): cover it with rectangles B_ all !ying in the plane in the same 
way, e.g. by extension of the pattern of Fig. 6. 
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3. On some related questions 
According to [l], Exercise 1.3.21, the following were, until now, open 
problems. 
Let T be a monohedral tiiing in which the prototile is a polygon. 
Is there any prototile T such that the number of aspects in various 
monohedral tilings admitted by T is unbounded? 
Is there a monohedral tiling in which the tiles occur in infinitely many 
aspects? 
What are the answers to the previous questions if the prototile is 
assumed to be convex? 
With the results of the foregoing section, we are in a position to answer all 
these four questions in the affirmative. 
The first ‘yes’ is an immediate result of Section 2. For the second one, see Fig. 
8: for each k 2 6 we make two infinite rows of Sk’s and lay all these next to each 
other as indicated. Clearly, this tiling contains the prototile in infinitely many 
aspects. As for the convex case: our prototile is in fact convex, so that it has 
already been dealt with. 
Fig. 8. 
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4. Another approach for the case n s I2 
The tilings displayed in Figs. 2(a) and (b) are known as the regular tilings (44) 
and (36), respectively. An n-iamond is a tile which is formed bv taking the union 
of n distinct triangles out of the regular tiling (36), on the understanding that this 
union be a closed topological disc. A polyiamond is any n-iamond (n E N). In an 
analogous way we can form n-ominoes (or, in general, polyominoes) from the 
regular tiling (44). 
Suppose we are given an n-iamond or n-omino. Then it will often appear to be 
the prototile of a monohedral tiling, see e.g. Figs. 2(a)-(e), 2(g), 9 and lo_. As is 
illustrated by these examples, such a tiling will usually be a composition tiring of 
the corresponding regular tiling, that is to say, if all n-iamonds or n-ominoes were 
again subdivided into the squares or triangles constituting them, the regular tiling 
would reappear. An n-iamond (n-omino) that has no symmetry of its own, can 
occur in such a composition tiling in a maximum of 12 (8) different aspects. Figs. 
9 and 10 show monohedral periodic tilings that are composition tilings of the 
regular tiling (5.) dnd have 9 and I1 aspects, respectively. Since for other values 
of n, up to and including the maximum, such tilings are easily constructed (for 
n = 10 see the ‘upper half’ of Fig. lo), this shows that for each n d 12 there is a 
polyiamond underlying a monohedral pe:hodic tiling of the plane with n aspects. 
A similar statement holds for polyominoes. 
In view of the previous remarks, it is natural to ask oneself, given any 
polyiamond or polyomino, what numbers of aspects are possible in monohedral 
(composition) tilings using that tile. In particular: is there a polyomino (poly- 
Fig. 9. 
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iamond) such that it admits a monohedral periodic tiling with y1 aspects for every 
n s 8 (n G 12)? For polyominoes this is easily seen to be the case, cf. Figs. 2(e) 
and (g). For polyiamonds it is somewhat more intricate, but it was shown by 
Alain Verberkmoes that the Siamond of Fig. 11 satisfies our requirements. 
Grtinbaum drew my attention to [2], which contains a monohedral periodic 
tiling with 12 aspects (top left illustration). It is easy to modify this tiling so as to 
remain periodic and have 13, 14,. . . ,24 aspects. This suggests a number of new 
questions: what can be said about the number of aspects in which a (convex, or 
any) quadrangular (pentagonal, . . .) prototile may appear in a periodic tiling? 
Note that a decomposition of a right-angled triangle with sides of integer lengths 
into congruent quadrangles (pentagons, . . .) would provide a partial answer to 
this question. 
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